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CLIFFORD THEORY FOR GRADED FUSION
CATEGORIES
CE´SAR GALINDO
Abstract. We develop a categorical analogue of Clifford theory for
strongly graded rings over graded fusion categories. We describe module
categories over a fusion category graded by a group G as induced from
module categories over fusion subcategories associated with the sub-
groups of G. We define invariant Ce-module categories and extensions
of Ce-module categories. The construction of module categories over C
is reduced to determining invariant module categories for subgroups of
G and the indecomposable extensions of this modules categories. We
associate a G-crossed product fusion category to each G-invariant Ce-
module category and give a criterion for a graded fusion category to
be a group-theoretical fusion category. We give necessary and sufficient
conditions for an indecomposable module category to be extendable.
1. Introduction and main results
1. Fusion categories arise in several areas of mathematics and physics,
e.g., conformal field theory, operator algebras, representation theory of quan-
tum groups, topological quantum computation, topological quantum field
theory, low dimensional topology, and others.
It is an important and interesting question to classify indecomposable
module categories over a given fusion category. The existence of certain
module categories yields valuable information about the fusion category C.
For example, C admits a module category of rank one if and only if C is the
category of representations of a semisimple Hopf algebra.
Let C be a fusion category and let G be a finite group. We say that C
is graded by G or G-graded if C = ⊕σ∈GCσ, and for any σ, τ ∈ G, one has
⊗ : Cσ×Cτ → Cστ . Graded fusion categories are very important in the study
and classification of fusion categories, see [3, 4, 5, 6].
2. In [8] the author gives the first steps toward the understanding of
module categories over graded tensor categories, developing a Clifford theory
for a special kind of graded tensor categories.
The main goal of this paper is to generalize the main results of [8] to ar-
bitrary graded fusion categories and the description using group-theoretical
data of the indecomposable module categories of a graded fusion category.
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Let C be a G-graded fusion category. Given a C-module category M, we
shall denote by ΩCe(M) the set of equivalence classes of indecomposable Ce-
submodule categories of M. By Corollary 4.2, the group G acts on ΩCe(M)
by
G× ΩCe(M)→ ΩCe(M), (σ, [X]) 7→ [Cσ ⊠Ce X].
3. Our first main result is the Clifford theorem for module categories over
fusion categories:
Theorem 1.1. Let C be a G-graded fusion category and let M be an inde-
composable C-module category. Then:
(1) The action of G on ΩCe(M) is transitive,
(2) Let N be an indecomposable Ce-submodule subcategory of M. Let
H = st([N ]) be the stabilizer subgroup of [N ] ∈ ΩCe(M), and let
also
MN =
∑
h∈H
CH⊗N .
ThenMN is an indecomposable CH-module category andM is equiv-
alent to IndCCH (MN ) as C-module categories.
Here CH is the fusion subcategory ⊕σ∈HCσ ⊂ C, and ⊗ is defined in
Section 4.
Applying Theorem 1.1 to the CH -module categoryMN we prove, in Corol-
lary 4.4, that every indecomposable module category over a G-graded fu-
sion category C is equivalent to C ⊠CS N , where N is an indecomposable
CS-module category that remains indecomposable as a Ce-module category,
and S ⊂ H is a subgroup. Also, in Proposition 4.6 we provide a necessary
and sufficient conditions for induced module categories to be equivalent.
4. Let C be a fusion category. An indecomposable C-module category
is called pointed module category if every simple object in C∗M is multi-
plicatively invertible (see subsection 2.3 for the definition of C∗M). A fusion
category is called group-theoretical if it admits a pointed C-module category,
see [4]. Group-theoretical categories can be explicitly described in terms of
finite groups and their cohomology, see [18].
Let C =
⊕
σ∈G Cσ be a G-graded fusion category. A Ce-module cate-
gory M, is called G-invariant if Cσ ⊠Ce M is equivalent to M as Ce-module
categories, for all σ ∈ G.
Our second main result is a criterion for a graded fusion category to be
group theoretical, this generalizes [16, Theorem 3.5].
Theorem 1.2. A G-graded fusion category C is group-theoretical if and only
if Ce has a G-invariant pointed category.
Consequently, if a Tambara-Yamagami category (see[20]), or one of their
generalizations in [12] and [13], is the category of representations of a Hopf
algebra, then it is a group-theoretical fusion category (this result is well-
known for TY categories, see [4, Remark 8.48]).
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5. Corollary 4.4 reduces the construction of indecomposable C-module
categories over a graded fusion category C =
⊕
σ∈G Cσ, to the construction
of CH -module categoriesM such that the restriction to Ce remains indecom-
posable, for some subgroup H ⊂ G.
If (M,⊗) is a Ce-module category, then an extension ofM is a C-module
category (M,⊙) such that (M,⊗) is obtained by restriction to Ce.
Our third main result provides a necessary and sufficient condition for an
indecomposable Ce-module category to have an extension.
Let M be an indecomposable Ce-module category and M = Ind
C
Ce
(M).
Then, by the results of Section 5, the fusion category C∗
M
has a natural
Gop-grading.
Theorem 1.3. Let C be a G-graded fusion category. Then an indecompo-
sable left Ce-module categoryM has an extension (M,⊙) if and only if C
∗
M
is
a semi-direct product fusion category. There is a one-to-one correspondence
between equivalence classes of C-extensions of M and conjugacy classes of
graded tensor functors VecG → C
∗
M
.
Consequently, (see Corollary 6.4), ifM is an extension of an indecompos-
able Ce-module category, C
∗
M is a G
op-equivariantization of Ce. Finally, in
Proposition 6.8 we describe extensions using group-theoretical data.
6 At the same time this paper was completed, Meir and Musicantov
posted the paper [14] containing results similar to some of ours. In this
paper module categories over C are classified in terms of module categories
over Ce and the extension data (c,M,α) of C defined in [6].
7 The organization of the paper is as follows: In Section 2 we discuss
preliminaries. In Section 3 we study module categories graded over a G-set
and provide a structure theorem for them. In Section 4 we prove Theorem
1.1. In Section 5 we study G-graded module categories and invariant module
categories, and we prove Theorem 1.2. In Section 6 we prove Theorem 1.3.
Acknowledgements This work was partially supported by the Project
003568 of the Department of Mathematics, Pontificia Universidad Javeri-
ana. The author thanks M. Mombelli, J. Ochoa and E. Rowell for useful
discussions and advise.
2. Preliminaries
Throughout the paper we work over an algebraically closed field k of
characteristic 0. All categories considered in this paper are finite, abelian,
semisimple, and k-linear. All functors and bifunctors considered in this
paper are additive and k-linear.
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2.1. Fusion categories. By a fusion category we mean a k-linear semisim-
ple rigid tensor category C with finitely many isomorphism classes of simple
objects, finite dimensional spaces of morphisms and such that the unit ob-
ject of C is simple. We refer the reader to [4] for a general theory of fusion
categories.
Example 2.1 (Examples of fusion categories). 1. The category VecG of
finite dimensional vector spaces graded by a finite group G. Simple objects
in this category are {kσ}σ∈G, the vector spaces of dimension one graded
by σ ∈ G, and the tensor product is given by kσ ⊗ kτ = kστ , with the
associativity morphism being the identity.
More generally, choose ω ∈ Z3(G, k∗) a normalized 3-cocycle. To this 3-
cocycle we can attach a twisted version VecωG of VecG: the simple objects and
the tensor product functor are the same, but the associativity isomorphism
is given by αVσ ,Vτ ,Vρ = ω(σ, τ, ρ)id. The pentagon axiom then follows from
the cocycle condition
ω(τ, ρ, ν)ω(σ, τρ, ν)ω(σ, τ, ρ) = ω(στ, ρ, ν)ω(σ, τ, ρν).
Note that cohomologous cocycles define equivalent fusion categories.
2. The category Rep(H) of finite dimensional representations of a finite
dimensional semisimple quasi-Hopf algebra H.
3. The category of integrable modules (from category O) over the affine
algebra ŝl2 at level l (see [1]).
By a fusion subcategory of a fusion category C we understand a full tensor
subcategory of C. For any fusion category C, the unit object 1 generates a
trivial fusion subcategory equivalent to Vec, the fusion category of finite
dimensional vector spaces over k.
2.2. Multiplicatively invertible objects and pointed fusion cate-
gories. An object X in C is said to be multiplicatively invertible if X is
rigid with a dual object X∗ such that X ⊗ X∗ = 1. An invertible object
is necessarily simple and the set of isomorphism classes of invertible objects
forms a group: the multiplication is given by tensor products and the inverse
operation by taking dual objects, we shall denote this group by U(C).
A fusion category is called pointed if all its simple objects are multi-
plicatively invertible. Examples of pointed fusion category are the fusion
categories VecωG.
Let C be a fusion category. In order to see whether a pointed fusion
subcategory D ⊂ C is tensor equivalent to VecG, with U(D) = G, we choose
a set {Xσ}σ∈G of representative objects and a family of isomorphisms {tσ,τ :
Xσ ⊗Xτ → Xστ}σ,τ∈G. Recall, for all simple object X ∈ C, End C(X) = k,
thus there exists a unique function ω : G×G×G→ k∗, such that
tXστ ,Xρ ◦ (tXσ ,Xτ ⊗ idXρ) = ω(g, h, k)tXσ ,Xτρ ◦ (idXσ ⊗ tXτ ,Xρ)
for all σ, τ, ρ ∈ G. The function ω is a 3-cocycle, and the ambiguity of
the choice of tσ,τ gives rise to a coboundary of G, the cohomology class
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ω(D) ∈ H3(G; k∗) is well defined, which is referred to as the obstruction of
D.
The following proposition is well known and follows from the previous
discussion, we include it for reader’s convenience.
Proposition 2.2. Let D be a pointed fusion category. Then D is tensor
equivalent to VecωG, where G = U(D) and ω is a 3-cocycle in the class of
ω(D). The pointed fusion category D is tensor equivalent to VecG if and
only if ω(D) = 0.

2.3. Module categories over fusion categories. Let (C, ⊗, 1, α) be a
fusion category, where 1 is the unit object and α is the associativity con-
straint. Without loss of generality we may assume that αX,1,Y = αX,Y,1 =
α1,X,Y = idX⊗Y for all X,Y ∈ C.
A left C-module category (see [17]) is a categoryM together with a bifunc-
tor ⊗ : C ×M →M and natural isomorphisms mX,Y M : (X ⊗ Y ) ⊗M →
X⊗(Y ⊗M), for allM ∈ M, X, Y ∈ C, such that the following two equations
hold for all M ∈ M, X, Y, Z ∈ C:
(αX,Y,Z ⊗M)mX,Y⊗Z,M(X ⊗mY,Z,M) = mX⊗Y,Z,MmX,Y,Z⊗M ,(1)
1⊗M =M.(2)
For two left C-modules categories M and N , a C-module functor (F, φ) :
M→N consists of a functor F :M→N and natural isomorphisms
φX,M : F (X ⊗M)→ X ⊗ F (M),
such that
(3) (X ⊗ φY,M )φX,Y⊗MF (mX,Y,M) = mX,Y,F (M)φX⊗Y,M
for all X,Y ∈ C, M ∈M .
A C-linear natural transformation between C-module functors (F, φ), (F ′, φ′) :
M→N , is a k-linear natural transformation σ : F → F ′ such that
φ′X,MσX⊗M = (X ⊗ σM )φX,M ,
for all X ∈ C,M ∈ M.
We shall denote the category of C-module functors and C-linear natural
transformations between C-modules categories M,N by FC(M,N ).
Two C-module categories M1 and M2 are equivalent if there exists a
module functor from M1 to M2 which is an equivalence of categories.
For two C-module categories M1 and M2 their direct sum is the cat-
egory M1 ⊕M2 with the obvious module category structure. A module
category is indecomposable if it is not equivalent to a direct sum of two non-
trivial module categories. It was shown in [17] that C-module categories are
completely reducible, i.e., given a C-module subcategory N of a C-module
category M there is a unique C-module subcategory N ′ of M such that
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M = N ⊕ N ′. Consequently, any C-module category M has a unique, up
to a permutation of summands, decomposition M = ⊕x∈SMx into a direct
sum of indecomposable C-module categories.
Let M be a right module category over C. The dual category of C with
respect toM is the category C∗M := FC(M,M) whose objects are C-module
functors from M to itself, and morphisms are natural module transforma-
tions. The category C∗M is a multi-fusion category with tensor product being
composition of module functors. It is known that ifM is an indecomposable
module category over C, then C∗M is a fusion category [4].
2.4. Algebras in fusion categories. Let C be a (strict) fusion category.
An algebra (A,∇, η) in C consists of an object A and morphisms∇ : A⊗A→
A, η : 1→ A such that
∇(∇⊗ idA) = ∇(idA ⊗∇), ∇(η ⊗ idA) = ∇(idA ⊗ η) = idA.
Let M be a left C-module category. A left A-module (M,λ) in M over
an algebra A in C is an object M in M with a morphism λ : A⊗M → M
in M which is associative in the sense of
λ(∇⊗ idM ) = λ(idA ⊗ λ)mA,A,M : (A⊗A)⊗M →M,
and satisfies λ(η ⊗ idM ) = idM . Morphisms are defined in the obvious way,
and the category of A-modules in M is denoted by AM.
In the same way we define the categories NA of right A-modules in N ,
for a right C-module, and the category ACA of A-bimodules in C.
If A is an algebra in C, the category CA is a left C-module category with
action given by C × CA → CA, (X, (M,ρ)) 7→ (X ⊗M, idX ⊗ ρ).
An algebra A ∈ C in a fusion category is called a semisimple algebra if
the category CA is semisimple. If A is semisimple then AC and ACA are
semisimple categories.
Let C be a fusion category, A a semisimple algebra in C, M ∈ CA, and
N ∈A M, where M is a left C-module category. The tensor product M ⊗A
N ∈ M is defined as the coequalizer of
(M ⊗A)⊗N M ⊗N M ⊗A N
......................................................................................................................................................................................
.
.
.
.
......................................................................................................................................................................................
.
.
.
.
(id ⊗ λN )mM,A,N
λM ⊗ id
.......................................................................
.
.
.
.
A semisimple algebra A is called indecomposable if CA is an indecompos-
able left C-module category. Under this condition, (ACA,⊗A, A) is a fusion
category, see [4].
2.5. Internal Hom and Morita theory. An important technical tool in
the study of module categories is the notion of internal Hom. Let M be a
module category over C and M1,M2 ∈ M. Consider the functor Hom(− ⊗
M1,M2) from the category C to the category of vector spaces. This functor
is exact and thus is representable. The internal Hom Hom(M1,M2) is an
object of C representing the functor HomM(−⊗M1,M2). Given a non-zero
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object M ∈ M, the internal Hom, A = Hom(M,M) ∈ C has a natural
algebra structure, such that the left C-module category of right A-modules
in C is equivalent to M as left C-module categories, [17, Theorem 1].
We recall a generalization of a theorem of Watts [23], see [19, Theorem
3.1].
Theorem 2.3. Let R and S be semisimple algebras in a fusion category C.
The functor
T : RCS ∋M 7→ (−)⊗R M ∈ FC(CR, CS)
is a category equivalence. Its quasi-inverse equivalence maps a functor F :
CR → CS to T
−1(F ) := F (R), with the left R-module structure
R⊗ F (R) = F (R⊗R) F (R)✲
F (∇)

Definition 2.4. Let C be a fusion category, and M be a left C-module
category. We shall say that an algebra A in C representsM if CA is equivalent
to M as left C-module categories.
If A,B are algebras in C, and F : CA → CB is a C-module functor, we shall
say thatM∈A CB represents F if F is equivalent to (−)⊗AM as C-module
functors.
Two algebras A,B in C are Morita equivalent if CA ∼= CB as C-module
categories.
Corollary 2.5. Let S and R be semisimple algebras in C, then they are
Morita equivalent if and only if there exists an (S,R)-bimodule M and an
(R,S)-bimodule N , such that M⊗BN ∼= S as S-bimodule and N⊗AM ∼= R
as R-bimodule.

2.6. Tensor products of module categories. Recall that a monoidal
category is called strict if the associativity constraint is the identity. A
module category (M, µ) over a strict tensor category is called a strict module
category if the constraint µ is the identity. By [8, Proposition 2.2] we may
assume that every fusion category and every module category is strict.
Let C,D be fusion categories. By definition, a (C,D)-bimodule category is
a module category over C⊠Drev, where Drev is the category D with reversed
tensor product, and ⊠ is the Deligne tensor product of abelian categories,
see [2].
Let A be an abelian category and M,N left and right (strict) C-module
categories, respectively.
Definition 2.6. [6, Definition 3.1] Let F : M× N → A be a bifunctor
exact in every argument. We say that F is C-balanced if there is a natural
family of isomorphisms
bM,X,N : F (M ⊗X,N)→ F (M,X ⊗N),
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such that
bM,X⊗Y,N = bM,X,Y⊗N ◦ bM⊗X,Y,N ,
for all M ∈ M, N ∈ N ,X, Y ∈ C.
Definition 2.7. [6, Definition 3.3] A tensor product of a right C-module
categoryM and a left C-module category N is an abelian categoryM⊠CN
together with a C-balanced functor
BM,N :M×N →M ⊠C N
inducing, for every abelian category A, an equivalence between the category
of C-balanced functors fromM×N to A and the category of functors from
M⊠C N to A:
Fbal(M×N ,A) ∼= F(M ⊠C N ,A).
Remark 2.8. (1) The existence of the tensor product for module cate-
gories over fusion categories was proved in [6].
(2) If the modules categories are semisimple then the tensor product is
a semisimple category, see [6].
Given a right C-module functor F :M→M′ and a left C-module functor
G : N → N ′ note that BM′,N ′(F ⊠G) :M⊠N →M
′
⊠C N
′ is C-balanced.
Thus the universality of B implies the existence of a unique right functor
F ⊠C G := BM′,N ′(F ⊠G) making the diagram
M⊠N M′ ⊠N ′
M⊠C N M′ ⊠C N
′
❄
BM,N
✲F⊠G
❄
BM′,N′
✲F⊠CG
commutative. The bihomorphism ⊠C is functorial in module functors, i.e.,
(F ′ ⊠C E
′)(F ⊠C E) = F
′F ⊠C E
′E.
Remarks 2.9. (1) IfM is a (C, E)-bimodule category and N is an (E ,D)-
bimodule category, then M⊠E N is a (C,D)-bimodule category and
BM,N is a (C,D)-bimodule functor, see [11, Proposition 3.13].
(2) Let M be a (C,D)-bimodule category. The C-module action in M
is balanced. Let rM : C ⊠C M → M denote the unique functor
factoring through BM,D. In [11, Proposition 3.15] it was proved
that rM is a (C,D)-module equivalence.
(3) LetM be a right C-module category, N a (C,D)-bimodule category,
and K a left D-module category. Then by [11, Proposition 3.15],
there is a canonical equivalence (M⊠C N )⊠DK ∼=M⊠C (N ⊠DK)
of bimodule categories. Hence the notation M ⊠C N ⊠D K will yield
no ambiguity.
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2.7. Graded fusion categories. Let C be a fusion category and let G be
a finite group. We say that C is graded by G if C = ⊕σ∈GCσ, and for any
σ, τ ∈ G, one has ⊗ : Cσ × Cτ → Cστ .
The fusion subcategory Ce corresponding to the neutral element e ∈ G
is called the trivial component of the G-graded category C. A grading is
faithful if Cσ 6= 0 for all σ ∈ G, in this paper we shall consider only faithful
gradings.
2.8. Graded module categories.
Definition 2.10. Let C = ⊕σ∈GCσ be a graded fusion category and let X be
a left G-set. A left X-graded C-module category is a left C-module category
M endowed with a decomposition
M = ⊕x∈XMx,
into a direct sum of full abelian subcategories, such that for all σ ∈ G,
x ∈ X, the bifunctor ⊗ maps Cσ ×Mx to Mσx.
An X-graded C-module functor F : M→ N is a C-module functor such
that F (Mx) is mapped to Nx, for all x ∈ X.
3. Induced module categories
Let C be a fusion category and let D ⊂ C be a fusion subcategory. Given
a left D-module category M and an algebra A in D, such that M∼= DA as
left D-module categories, we define the induced module category from D to
C, denoted by IndCD(M), as the C-module category CA.
If M = DA and N = DB are D-module categories and F :M→ N is a
D-module functor represented by a (B,A)-bimodule M , then M defines a
C-module functor IndCD(F ) = (−)⊗A M : Ind
C
D(M) → Ind
C
D(N ), called the
induced module functor.
Remark 3.1. (1) By Corollary 2.5, the equivalence class of IndCD(M) as
C-module category does not depend on the algebra A.
(2) If C′′ ⊂ C′ ⊂ C are fusion categories and M is a C′′-module category
then IndC
′
C′′(Ind
C
C′(M)) = Ind
C
C′′(M). This is analogous for functor
and natural transformations of module categories.
Given a G-graded fusion category C, and a subgroup H ⊂ G, we shall
denote by CH the fusion subcategory ⊕h∈HCh.
Proposition 3.2. For each subgroup H ⊂ G, induction defines a 2-functor
from the 2-category of CH-module categories to the 2-category of C-module
categories graded over G/H.
Proof. Let M be a CH -module category, and suppose that M = (CH)A
for some algebra A ∈ CH . If M ∈ CA, then M =
⊕
gH∈G/GMgH , where
MgH ∈ CgH . Thus MgH ∈ CA, so Ind
C
CH
(M) = CA is graded by G/H.
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Let M and N be CH -module categories such that M = (CH)A and N =
(CH)B for algebras A,B ∈ CH . Every CH -module functor from M to N is
equivalent to the functor (−) ⊗A M for some (A-B)-bimodule in CH (see
Theorem 2.3). Then the induced functor from CA to CB is (−) ⊗A M , and
it is G/H-graded. 
Theorem 3.3. Let C = ⊕σ∈GCσ be a G-graded fusion category. For each
H ⊂ G, the induction of module categories and module functor defines a 2-
equivalence from the 2-category of module categories over CH and C-module
categories G/H-graded.
Proof. Let M be a C-module category G/H-graded. Then MH is a CH -
module category. For each 0 6=M ∈ MH , the internal Hom, Hom(M,M) ∈
CH with respect to the module category Mx is also the internal Hom in C
of M. In fact, if X ∈ Cσ, and σ /∈ H, then X ⊗M /∈ Mx, so
HomM(X ⊗M,M) = 0 = HomC(X,Hom(M,M)).
Then M∼= CHom(M,M) = Ind
C
CH
(Mx).
LetM andN be C-module categories graded over G/H such thatM = CA
and N = CB for algebras A,B ∈ CH . Then by Theorem 2.3 every C-module
functor from M to N is equivalent to the functor (−) ⊗A M for some (A-
B)-bimodule in C. If M defines a G/H-module functor then M ∈ CH , so by
definition is the induced of a CH -module functor. 
Remark 3.4. By Theorem 3.3 the 2-category of module categories over Ce
and the 2-category of G-graded C-module categories are 2-equivalent.
Proposition 3.5. Let C be a G-graded fusion category. If M is a left CH-
module category then C ⊠CH M
∼= IndCCH (M) as C-module categories.
Proof. The C-module category C⊠CHM isG/H-graded where (C⊠CHM)gH =
(CgH)⊠CH M. In particular (C ⊠CH M)H = CH ⊠CH M
∼=M as CH -module
categories, then by Theorem 3.3, C ⊠CH M
∼= IndCCH (M). 
Remark 3.6. Proposition 3.5 implies that IndCCH (M) is a semisimple C-
module category. In fact, by [6, Proposition 3.5], the category C ⊠CH M
is equivalent to HomCH (C
op,M), and by [4, Theorem 2.16], the category
HomCH (C
op,M) is semisimple.
Let M =
⊕
gH∈G/HMgH be a G/H-graded C-module category. We
define the canonical functor µ : C ⊠MH → M,X ⊠M 7→ X ⊗M . It is
clear that µ is a CH -balanced functor, thus µ defines a C-module functor
µ : C ⊠CH MH →M.
Proposition 3.7. The functor µ : C ⊠CH MH → M is a G/H-graded
equivalence of C-module categories. In particular, each µgH : CgH⊠CHMH →
MgH is an equivalence of left CH-module categories.
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Proof. The functor µ is a G/H-graded functor, and µH = rM : CH⊠CHM→
M is an equivalence of CH -module categories (see part 2 of Remark 2.9).
Thus by Theorem 3.3, µ ∼= Ind(µH) as C-module functors, and it is an
equivalence. 
The following result appears in [6, Theorem 6.1] we provide an alternate
proof using our results.
Corollary 3.8. For every σ, τ ∈ G, the canonical functor
µσ,τ : Cσ ⊠Ce Cτ → Cστ ,
is an equivalence of Ce-bimodule categories.
Proof. Let us consider the graded C-module category C(τ), where C = C(τ)
as C-module categories, but with grading (C(τ))σ = Cτσ, for τ ∈ G.
Since C(τ)e = Cτ , by Proposition 3.7, the canonical functor µσ : Cσ ⊠Ce
Cτ → C(τ)σ = Cτσ is a Ce-bimodule category equivalence. But by definition
µσ = µσ,τ , so the proof is finished. 
4. Clifford theory for graded fusion categories
In this section we shall denote by C a fusion category graded by a finite
group G.
Let M be a C-module category, and let N ⊂ M be a full abelian sub-
category. We shall denote by Cσ⊗N the full abelian subcategory given by
Ob(C⊗N ) = {subquotients of V ⊗ N : V ∈ Cσ, N ∈ N}. (Recall that a
subquotient object is a subobject of a quotient object.)
Let M be a C-module category and let N be a Ce-submodule category of
M. The bifunctor ⊗ induces a canonical Ce-module functor µσ : Cσ⊠CeN →
Cσ⊗N .
Proposition 4.1. Let M be a C-module category and let N be an indecom-
posable Ce-submodule category of M. Then the canonical Ce-module functor
µσ : Cσ ⊠Ce N → Cσ⊗N , is an equivalence of Ce-module categories, for all
σ ∈ G.
Proof. Define a G-graded C-module category by gr − N =
⊕
σ∈G Cσ⊗N ,
with action
⊗ : Cσ × Ch⊗N → Cσh⊗N
Vσ × T 7→ Vσ ⊗ T.
Since N is indecomposable, Ce⊗N = N as a Ce-module category, so by
Proposition 3.7 the canonical functor µ : C ⊠Ce N → gr − N is a category
equivalence of G-graded C-module categories and the restriction µσ : Cσ ⊠Ce
N → Cσ⊗N is a Ce-module category equivalence. 
Given a C-module category M, we shall denote by ΩCe(M) the set of
equivalence classes of indecomposable Ce-submodule categories of M.
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Corollary 4.2. Let M be a C-module category. The group G acts on
ΩCe(M) by
G× ΩCe(M)→ ΩCe(M)
(g, [N ]) 7→ [Cσ ⊠Ce N ]
Proof. Let N be an indecomposable Ce-submodule category of M. By
Proposition 4.1 the functor
µσ : Cσ ⊠Ce N → Cσ⊗N
is a Ce-module category equivalence, so Cσ ⊠Ce N is equivalent to a Ce-
submodule category of M. 
LetM be an abelian category and let N ,N ′ be full abelian subcategories
of M, we shall denote by N +N ′ the full abelian subcategory of M where
Ob(N +N ′) = {subquotients of N⊕N ′ : N ∈ N , N ′ ∈ N ′}. It will be called
the sum category of N and N ′.
Now, we are ready to prove our first main result:
Proof of Theorem 1.1. (1) Let N be an indecomposable Ce-submodule cat-
egory of M, the canonical functor
µ : C ⊠Ce N →M
is a C-module functor and µ = ⊕σ∈Gµσ, where µσ = µ|Cσ⊠CeN . By Proposi-
tion 4.1 each µσ is a Ce-module category equivalence with Cσ⊗N .
Since M is indecomposable, every object M ∈ M is isomorphic to some
subquotient of µ(X) for some object X ∈ C⊠CeN . ThenM =
∑
σ∈G Cσ⊗N ,
and each Cσ⊗N is an indecomposable Ce-submodule category.
Let S, S′ be indecomposable Ce-submodule categories of M. Then there
exist σ, τ ∈ G such that Cσ ⊠Ce N
∼= S, Cτ ⊠Ce N
∼= S′, and by Corollary
3.8, S′ ∼= Cτσ−1 ⊠Ce S. So the action is transitive.
(2) Let H = st([N ]) be the stabilizer subgroup of [N ] ∈ ΩCe(M) and
MN =
∑
h∈H
Ch⊗N .
Since H acts transitively on ΩCe(MN ), the CH -module category MN
is indecomposable. Let Σ = {e, σ1, . . . , σn} be a set of representatives of
the cosets of G modulo H. The map φ : G/H → ΩCH (M), φ(σH) =
[Cσ⊗MN ] is an isomorphism of G-sets. Then M has a structure of G/H-
graded C-module category, where M = ⊕σ∈ΣCσ⊗MN . By Theorem 3.3,
M∼= C ⊠CH MN as C-module categories. 
Definition 4.3. Let C be a G-graded fusion category. If (M,⊗) is a Ce-
module category, then a C-extension of M is a C-module category (M,⊙)
such that (M,⊗) is obtained by restriction to Ce.
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Corollary 4.4. Let M be an indecomposable C-category, and N an inde-
composable Ce-module category. Then there exists a subgroup S ⊂ G, and a
CS-extension (N ,⊙) of N , such that M∼= C ⊠CS N as C-module categories.
Proof. Let N ⊂ M be an indecomposable Ce-submodule category. By the
proof of part (1) of Theorem 1.1, we have that M =
∑
σ∈G Cσ⊗N , where
each Cσ⊗N is an indecomposable Ce-module subcategory of M. Let X =
G/ ∼, where σ ∼ τ if and only if Cσ⊗N = Cτ⊗N for σ, τ ∈ G. Then
M =
⊕
x∈X Cx as a direct sum of Ce-module categories, and M is an X-
graded C-module category, where X has the following G-action:
σy = x if and only if Cσ⊗Cy⊗N = Cx⊗N ,
for σ ∈ G,x, y ∈ X.
Again by part (1) of Theorem 1.1, X is a transitive G-set. Then by The-
orem 3.3,M∼= C⊠SN as C-module categories, where S = {σ ∈ G|Cσ⊗N =
N}. 
Remark 4.5. Following with the notations in the proof of Corollary 4.4,
if M is an indecomposable C-module category, the set of indecomposable
Ce-module subcategories of M is a transitive G-set isomorphic to G/S.
Proposition 4.6. Let H,H ′ ⊂ G be subgroups, and (N ,⊙), (N ′,⊙′) be
a CH-extension and a CH′-extension of the indecomposable Ce-module cat-
egories N and N ′, respectively. Then C ⊠CH′ N
′ ∼= C ⊠CH N if and only
if there exists σ ∈ G such that H = σH ′σ−1 and CσH′ ⊠CH′ N
′ ∼= N as
CH-module categories.
Proof. Let F : C ⊠CH′ N
′ → C ⊠CH N be an equivalence of C-module cat-
egories. The functor F maps indecomposable Ce-module subcategories of
C ⊠CH′ N
′ to indecomposable Ce-module subcategories of C ⊠CH N , and
F (X ⊗ V ) ∼= X ⊗ F (V ) for all X ∈ C, X ∈ C ⊠CH′ N
′, thus (see Re-
mark 4.5) F defines a G-set isomorphism from G/H to G/H ′. Recall that
G/H and G/H ′ are isomorphic if and only if there exists σ ∈ G such that
H = σH ′σ−1, and the G-isomorphism is defined by σH ′ 7→ H. Then, by
restriction, the functor F defines an equivalence of CH -module categories
F : CσH′ ⊠CH′ N
′ → CH ⊠CH N
∼= N . 
5. Invariant and G-graded module categories
In this section we shall denote by C a G-graded fusion category.
Definition 5.1. A Ce-module category M is called G-invariant if Cσ⊠CeM
is equivalent to M as Ce-module categories, for all σ ∈ G.
By Corollary 4.4, every C-module category is equivalent to an induced
module category of an S-invariant CS-module category for some subgroup
S ⊂ G.
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Let C be a G-graded tensor category. For a G-graded C-module category
M =
⊕
σ∈GMσ and σ ∈ G, we define a new G-graded C-module category
M(σ), as the C-module category M with M(σ)τ =Mτσ for all τ ∈ G.
A C-module functor F : M → N is called a graded C-module functor
of degree σ (σ ∈ G), if F (Mx) ∈ Nxσ for all x ∈ G,Mx ∈ Mx. Graded
module functors of degree σ build a full abelian subcategory FC(M,N )σ of
FC(M,N ). We also have following equalities:
FC(M,N )e = F
gr
C (M,N ),
FC(M,N )σ = F
gr
C (M,N (σ)) = F
gr
C (M(σ
−1),N ).
Note that C∗M = FC(M,M) =
⊕
σ∈G FC(M,M)σ , and with this grading
C∗M is a G
op-graded (multi)-fusion category.
Definition 5.2. A graded tensor category over a group G will be called
a crossed product tensor category if every homogeneous component has at
least one multiplicatively invertible object.
Proposition 5.3. Let C be a G-graded fusion category. An indecompo-
sable Ce-module category N is invariant if and only if C
∗
C⊠CeN
is Gop-crossed
product fusion category.
Proof. By Theorem 3.3, if M and N are G-graded C-module category, the
induction functor defines equivalences
FC(M,N )σ ∼= FCe(Me,Nσ)
∼= FCe(Mσ−1 ,Ne).
Thus FC(C ⊠Ce N , C ⊠Ce N ) is a crossed product if and only if FC(C ⊠Ce
N , C⊠CeN )σ
∼= FCe(N , Cσ⊠CeN ) has at least one equivalence for all σ ∈ G,
i.e. if N is G-invertible. 
Let C be a fusion category. An indecomposable C-module category is
called pointed module category if C∗M is a pointed fusion category. A fusion
category is called group-theoretical if it admits a pointed C-module category,
see [4]. Group-theoretical categories can be explicitly described in terms of
finite groups and their cohomology (see [18]).
We are now ready to prove Theorem 1.2, which is a generalization of [16,
Theorem 3.5]
Proof of Theorem 1.2. Let N be a G-invariant pointed Ce-module category.
Then by Proposition 5.3, C∗C⊠CeN is a G
op-crossed product category, where
(C∗C⊠CeN )e
∼= (Ce)
∗
N is a pointed fusion category, so C
∗
C⊠CeN
is pointed.
Conversely, let M be a pointed C-module category and N ⊆M be a Ce-
submodule category. Then by [16, Lemma 2.2] and Proposition 3.7 the sta-
bilizer of [N ] in ΩCe(M) is G, so N is G-invariant. Now, the same argument
of [16, Theorem 3.5] implies that N is a pointed Ce-module category. 
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Remark 5.4. Let C be a G-graded fusion category. By [10, Theorem 3.3] and
[10, Remark 2.11], the group G acts on Z(Ce) by braided autoequivalences,
and therefore G also acts on the set of Lagrangian subcategories of Z(Ce)
(see [3, subsection 1.4.1] for the definition of Lagrangian subcategories of a
braided fusion category). In [10, Corollary 3.10] the following criterion for
a graded fusion category to be group-theoretical was proved: C is group-
theoretical if and only if Z(Ce) contains a G-stable Lagrangian subcategory.
As we shall see, the above criterion is equivalent to the criterion Theorem
1.2. Using the bijective correspondence between equivalence classes of La-
grangian subcategory of Z(Ce) and pointed Ce-module categories proved in
[3, Theorem 4.66], and the description of the action of G on Z(Ce) given
in [10, subsection 3.1], it is easy to see that if N is a pointed Ce-module
category and L is the corresponding Lagrangian subcategory of Z(Ce), then
for any σ ∈ G, the Lagrangian subcategory corresponding to Cσ ⊠Ce N is
σ∗(L). Thus, Ce has a G-invariant Ce-module category if and only if Z(Ce)
has a G-stable Lagrangian subcategory.
Corollary 5.5. Let C be a G-graded fusion category such that Ce ∼= VecA,
where A is an abelian group. Then C has an invariant module category if
and only if C is group-theoretical.
Proof. If A is an abelian group, then every indecomposable module cate-
gory over VecA is pointed, see [15, Theorem 3.4]. So, the corollary follows
immediately by Theorem 1.2. 
A Tambara-Yamagami category is a Z2-graded fusion category C = C0 ⊕
C1, such that C0 is pointed and C1 has only one simple object up to isomor-
phisms, see [20] for a complete classification.
Remark 5.6. Corollary 5.5 applies to Tambara-Yamagami categories, and
their generalizations [12], [13]. In particular, if a fusion category of this type
is the category of representations of a Hopf algebra, i.e., if it has a fiber
functor, then it is a group-theoretical fusion category (it is well-known for
TY categories, [4, Remark 8.48]).
Module categories over group-theoretical fusion categories were classified
by Ostrik in [18]. As an application of some of our results, we shall describe
indecomposable module categories over a non group-theoretical Tamabara-
Yamagami category.
Proposition 5.7. Let C be a non group-theoretical Tambara-Yamagami ca-
tegory, where C0 = VecA for an abelian group A. Then every indecomposable
C-module category is equivalent to CkαB, where kαB ∈VecA ⊂ C is a twisted
group algebra for B ⊂ A.
Proof. By Corollary 5.5, a Tambara-Yamagami category is non group-theo-
retical if and only if it has only non Z2-invariant C0-module categories. Let
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M be an indecomposable C-module category, and N ⊂ M be an inde-
composable C0-module category. If N is an indecomposable module cat-
egory over C0 =VecA, then by [18], there exists a subgroup B ⊂ A, and
α ∈ Z2(B, k∗) such that N ∼= (C0)kαB as C0-module categories.
Since C has only non Z2-invariant C0-module categories, Theorem 1.1
implies that M∼= IndCC0N = CkαB. 
6. Extending indecomposable module categories
Corollary 4.4 reduces the construction of indecomposable C-module cat-
egories over a graded fusion category C =
⊕
σ∈G Cσ, to the construction of
CH -module categories M such that the restriction to Ce remains indecom-
posable, for some subgroup H ⊂ G.
In this section we shall provide a necessary and sufficient condition when
an indecomposable Ce-module category can be extended.
6.1. Semi-direct product and equivariant fusion categories. Let Aut⊗(C)
be the monoidal category where objects are tensor auto-equivalences of C,
arrows are tensor natural isomorphisms, and tensor product is the compo-
sition of functors. An action of the group G over a monoidal category C, is
a monoidal functor ∗ : G→ Aut⊗(C).
Given an action ∗ : G→ Aut⊗(C) of G on C, the semi-direct product fu-
sion category, denoted by C⋊G is defined as follows: As an abelian category
C⋊G =
⊕
σ∈G Cσ, where Cσ = C as an abelian category, the tensor product
is
[X,σ]⊗ [Y, τ ] := [X ⊗ σ∗(Y ), στ ], X, Y ∈ C, σ, τ ∈ G,
and the unit object is [1, e]. See [21] for the associativity constraint and a
proof of the pentagon identity.
The category C ⋊G is G-graded by
C ⋊G =
⊕
σ∈G
(C ⋊G)σ , where (C ⋊G)σ = Cσ,
and the objects [1, σ] ∈ (C ⋊ G)σ are invertible, with inverse [1, σ
−1] ∈
(C ⋊G)σ−1 .
Another useful construction of a fusion category starting from a G-action
over a fusion category C is the G-equivariantization of C, denoted by CG, see
[3]. Objects of this category are objects X of C equipped with an isomor-
phism uσ : σ∗(X)→ X for all σ ∈ G, such that
uστ ◦ γσ,τ = uσ ◦ σ∗(uτ ),
where γσ,τ : σ∗(τ∗(X))→ (στ)∗(X) is the natural isomorphism associated to
the action. Morphisms and tensor product of equivariant objects are defined
in an obvious way.
Lemma 6.1. Let C be a G-graded fusion category, then:
(1) C is equivalent to a semi-direct product fusion category over G if and
only if there is a G-graded tensor functor VecG → C.
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(2) There exists a correspondence between G-actions over Ce, such that
the associated semidirect product is tensor equivalent to C, and G-
graded tensor functors VecG → C.
Proof. It follows from [8, Section 3]. 
6.2. Extending indecomposable module categories. Recall, if (M,⊗)
is a Ce-module category, then an extension of M is a C-module category
(M,⊙) such that (M,⊗) is obtained by restriction to Ce. We shall say
that two C-extension of a Ce-module categories are equivalent if they are
equivalent as C-module categories.
Each graded functor (F, µ) :VecG → C defines a C-extension (Ce,⊙
F ,mF )
of the Ce-module category (Ce,⊗) in the following way: Let F (kσ) = 1σ, and
µσ,h : 1σh → 1σ ⊗ 1h, then we define (Ce,⊙
F ,mF ) by
Vσ ⊙
F Xe = Vσ ⊗Xe ⊗ 1σ−1 , m
F
Vσ ,Vτ ,Xe = idVσ⊗Vτ⊗Xe ⊗ γkτ−1 ,kσ−1
for all Vσ ∈ Cσ, Vτ ∈ Cτ ,Xe ∈ Ce, and σ, τ ∈ G.
Definition 6.2. We shall say that two graded functors (F, γ), (F ′, γ′) :
VecG → C are conjugate if there is a multiplicatively invertible object U ∈ Ce
and a family of isomorphisms Θσ : F (kσ) ⊗ U → U ⊗ F
′(kσ) for all σ ∈ G,
such that the diagram
(4)
F (kστ )⊗ U U ⊗ F
′(kστ )
F (kσ)⊗ F (kτ )⊗ U U ⊗ F
′(Kσ)⊗ F
′(kτ )
F (kσ)⊗ U ⊗ F
′(kτ )
❄
γkσ,kτ⊗idU
✲Θστ
❄
idU⊗γ
′
kσ,kτ
❍❍❍❍❍❍❍❍❥
idF (kσ)⊗Θτ
✟✟
✟✟
✟✟
✟✟✯
Θσ⊗idF ′(kτ )
commutes for all σ, τ ∈ G.
If (F, γ), (F ′, γ′) : VecG → C are conjugate graded functors, then the C-
extensions associated are equivalent. In fact, the functor Ce → Ce,Xe 7→
Xe ⊗ U , with the natural isomorphisms
idVσ⊗Xe ⊗Θσ−1 : Vσ ⊗Xe ⊗ F (kσ−1)⊗ U → Vσ ⊗Xe ⊗ U ⊗ F
′(kσ−1)
for all Vσ ∈ Cσ,Xe ∈ Ce, define a C-module equivalence.
Proposition 6.3. Let C be a graded fusion category. Then the Ce-module
category (Ce,⊗) can be extended if and only if C is a semi-direct prod-
uct. There is a one-to-one correspondence between equivalence classes of C-
extensions of Ce and conjugacy classes of graded tensor functors VecG → C.
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Proof. If C = Ce⋊G, then the category Ce is a Ce⋊G-module category with
action [V, σ] ⊗W = V ⊗ σ∗(W ), see [21, Example 2.4].
Let (Ce,⊙, µ) be an extension of (Ce,⊗). By Corollary 3.8 (⊗, Cσ) is the
tensor product of Cσ and Ce as Ce-bimodule categories, and by Proposition
4.1 ⊙ defines a Ce-module equivalence ⊙ such that the diagram
Cσ × Ce Ce
Cσ
❄
⊗
✲⊙
 
 
 
 ✒
⊙
commutes. Thus ⊙(V ) = V ⊙1, for all V ∈ Cσ. For each σ ∈ G, let 1σ ∈ Cσ
be the unique object (up to isomorphism) such that 1σ ⊙ 1 = 1.
Using the natural isomorphisms µVσ ,Xe,1 and µVσ⊗Xe,1σ−1 ,1, we have
Vσ ⊙Xe ∼= (Vσ ⊗Xe)⊙ 1
= (Vσ ⊗Xe)⊙ (1σ−1 ⊙ 1)
∼= (Vσ ⊗Xe ⊗ 1σ−1)⊙ 1
= Vσ ⊗Xe ⊗ 1σ−1 ,
for all Vσ ∈ Cσ,Xe ∈ Ce. Then we can assume that Vσ⊙Xe = Vσ⊗Xe⊗1σ−1
for all Vσ ∈ Cσ,Xe ∈ Ce, σ ∈ G.
The natural isomorphisms
µ1σ ,1h,1 : 1σ ⊗ 1h ⊗ 1h−1σ−1 → 1σ ⊗ 1h ⊗ 1h−1 ⊗ 1σ−1
define isomorphisms γh−1,σ−1 : 1h−1σ−1 → 1h−1⊗1σ−1 for all σ, h ∈ G. Now,
by the pentagonal equation (1), the functor F :VecG → C, kσ 7→ 1σ with the
natural isomorphisms γσ,τ : 1στ → 1σ ⊗ 1τ , defines a graded tensor functor.
By Lemma 6.1, C is equivalent to a semi-direct product fusion category.
The construction of the graded tensor functor (F, γ) :VecG → C, associ-
ated to a C-extension (Ce,⊙) of (Ce,⊗), shows that (Ce,⊙) is equivalent to
(Ce,⊙
F ).
Let (F, γ), (F ′, γ′) :VecG → C be graded functors, and (T, η) : (Ce,⊙
F )→
(Ce,⊙
F ′) an equivalence of C-module categories. The functor (T, η) is also an
equivalence of Ce-module categories, so there is a multiplicatively invertible
object U ∈ Ce, such that T (Xe) = Xe ⊗ U and ηVe,Xe = idVe⊗Xe⊗U for all
Ve,Xe ∈ Ce. The natural isomorphisms
η1σ ,1,kσ−1 : F (kσ)⊗ F (kσ−1)⊗ U → F (kσ)⊗ U ⊗ F
′(kσ−1),
define natural isomorphisms
Θσ−1 : F (kσ−1)⊗ U → U ⊗ F
′(kσ−1),
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for all σ ∈ G. Then the functor F and F ′ are conjugated by the pair
(U,Θσ)σ∈G, where the commutativity of the diagram (4) follows from equa-
tion (3) for the functor module (T, η).

Let M be an indecomposable Ce-module category and M = Ind
C
Ce
(M).
Then the fusion category C∗
M
is Gop-graded.
If A ∈ C is an indecomposable semisimple algebra, then ACA is a fusion
category and B = ∗A⊗A ∈ ACA is an algebra such that B(ACA)B = C, see
[7, Example 3.26] (note that ACA is equivalent to C
∗
M with reversed tensor
product, where M = CA). Using the algebra B we can describe a bijective
correspondence between module categories over C and module categories
over ACA, the correspondence is given by
Mod(C)→Mod(ACA)
M 7→ AM;
Mod(ACA)→Mod(C)
N 7→ BN
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Let A ∈ Ce be an algebra such that M = (Ce)A.
Note that ACA is a G-graded fusion category. Suppose that ((Ce)A,⊙) is
an extension of ((Ce)A,⊗). Then A(Ce)A is an extension of ACA, so by
Proposition 6.3, A(C)A is a semidirect G-product fusion category.
Conversely, let A ∈ Ce such that ACA is a semidirect G-product fusion
category. Then by Proposition 6.3 it defines an extension (A(Ce)A,⊙) of
(A(Ce)A,⊗). For B =
∗A ⊗ A ∈ Ce we have that B(A(Ce)A)B ∼= C, so
using this tensor equivalence we have a structure of C-module category over
B(A(Ce)A) = (Ce)A which is an extension of (Ce)A.
The second part follows from the second part of Proposition 6.3. 
Corollary 6.4. Let C be a G-graded fusion category. IfM is an extension of
an indecomposable Ce-module category, then C
∗
M is a G
op-equivariantization
of (Ce)
∗
M. Conversely, if C is a G
op-equivariantization and M is an inde-
composable Ce-module category, then C
∗
M is a G-graded fusion category with
(C∗M)e
∼= (Ce)
∗
M.
Proof. Using the same argument as in proof of Theorem 1.3, it is enough to
see the case in which M is the Ce-module category (Ce,⊗).
By Theorem 1.3, there exists an action ∗ : G → Aut⊗(Ce), such that
C = Ce⋊G. The category C is a Ce⋊G-module category with action [V, σ]⊗
W = V ⊗ σ∗(W ), see [16, Proposition 3.2] or [21, Example 2.4.]. Moreover,
the tensor category (Ce ⋊ G)
∗
Ce
, is monoidally equivalent to (CGe )
rev the G-
equivariantization of C with reversed tensor product, see [16, Proposition
3.2]. Conversely, Ce is a C
G
e -module category through the forgetful functor
CGe → Ce, (V, f) 7→ V , thus (C
G
e )
∗
Ce
∼= (Ce⋊G)
rev, see [16, Proposition 3.2]. 
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Remark 6.5. Let H be a semisimple Hopf algebra such that the category of
H-comodules, Corep(H), is a G-graded fusion category. Hence the forgetful
functor Corep(H) → Vec defines a structure of Corep(H)-module category
over Vec, and it is an extension as Corep(H)e-module category. By Corollary
6.4 Rep(H) = Corep(H)∗Vec is a G
op-equivariantization.
Conversely, if C is aG-equivariantization of the category of representations
of a semisimple Hopf algebra Q, then U ◦Forg is a fiber functor of C, where
Forg: C → Rep(Q), (V, f) 7→ V is the forgetful functor, and U : Rep(Q) →
Vec is the forgetful functor of Rep(Q). Thus, by Tannaka-Krein reconstruc-
tion C is the category of representations of a semisimple Hopf algebra H,
and by Corollary 6.4 Rep(H∗) = C∗Vec is a G
op-graded fusion category.
Remark 6.6. Theorem 1.3 and Corollary 4.4, reduce the problem of con-
structing module categories over a graded fusion category C =
⊕
σ∈G, to
the following steps:
(1) Classifying the indecomposable Ce-module categories.
(2) Finding the subgroup S and the indecomposable Ce-module cate-
gories N , such that N is S-invariant.
(3) Determining if FCS (Ind
CS
Ce
(N ), IndCSCe (N )) is equivalent to a semi-
direct Sop-product fusion category.
(4) Finding all graded functors from VecSop to FCS (N ,N ), up to conju-
gation.
We shall briefly describe a way to solve the steps (3) and (4).
1. If C is a G-graded fusion category we have the following sequence of
groups
(5) U(Ce) U(C) G✲
ι ✲deg
where ι is the inclusion and deg(X) = σ if X ∈ Cσ.
Note that a G-graded fusion category is a crossed product fusion category
if and only if the sequence (5) is exact. By Lemma 6.1, C is monoidally
equivalent to a semi-direct product fusion category if and only if the sequence
(5) is exact and there exists a splitting morphism of deg, i.e., there exists
a group morphism pi : G → U(C) with deg◦pi = idG (thus (5) is a split
extension), such that the obstruction ω(D) of the fusion subcategory D ⊂ C
generated by {pi(σ)}σ∈G is zero (see Subsection 2.2 for the definition of the
obstruction of a pointed fusion category).
2. Let G and N be groups and ∗ : G → Aut(N) a group morphism. A
function θ : G→ N,σ, 7→ θσ is called a 1-cocycle from G to N if
θσθτ = θσσ∗(θτ )
for all σ, τ ∈ G. The set of all 1-cocycles is denoted by Z1(G,N). The group
N acts over Z1(G,N) by
(u · θ)σ = uθσσ∗(u
−1),
CLIFFORD THEORY FOR GRADED FUSION CATEGORIES 21
for all u ∈ N,σ ∈ G, θ ∈ Z1(G,N). The set of orbits Z1(G,N)/G is denoted
by H1(G,N), and two 1-cocycles in the same orbit are called cohomologous.
Suppose that C = Ce ⋊G is a semi-direct product fusion category. Hence
U(C) = U(Ce)⋊G, and the sequence (5) is a semidirect product extension.
Recall that there is a bijective correspondence between 1-cocycles from G to
U(Ce) and splitting homomorphisms of deg. In fact, given θ ∈ Z
1(G,U(Ce))
the map piθ : G → U(Ce) ⋊ G,σ 7→ [θσ, σ] is a splitting morphism of deg.
Conversely, if piθ : G → U(Ce) ⋊ G,σ 7→ [θσ, σ] is a splitting morphism,
the map θ : G → U(Ce), σ 7→ θσ is a 1-cocycle. Moreover, the splitting
morphisms are conjugate by an element in U(Ce) if and only if the 1-cocycles
associated are cohomologous.
Definition 6.7. Let ω ∈ H3(U(C), k∗) be the obstruction of the maximal
pointed fusion subcategory of C, and let θ : G→ U(Ce) be a 1-cocycle. The
obstruction of θ is defined as the cohomology class of ω|Xθ ∈ H
3(Xθ, k
∗),
where Xθ = {[θσ, σ]}σ∈G ⊂ U(Ce)⋊G.
Without loss of generality we may assume that C is skeletal. Thus there
is a unique 3-cocycle ω ∈ Z3(U(C), k∗), such that ασ,τ,ρ = ω(σ, τρ)idσ⊗τ⊗ρ,
and the cohomology class of ω is the obstruction of the maximal pointed
fusion subcategory of C.
Let θ ∈ Z1(G,U(C)) such that [ω|Xθ ] = 0, and L
θ
ω = {γ ∈ C
2(G, k∗)|δ(γ) =
ω|Xθ}. Then a graded tensor functor (F, γ) :VecG → C with kσ 7→ [θσ, σ]
defines an element γ′ ∈ Lθω by
(6) γkσ ,kτ = γ
′(σ, τ)idF (kσ)⊗F (kτ ),
for all σ, τ ∈ G. Conversely, using the formula (6) every element in Lθω
defines a graded functor with F (kσ) = [θσ, σ] for all σ ∈ G.
The next proposition is a consequence of the previous discussion and
Proposition 6.3.
Proposition 6.8. Let ∗ : G → Aut⊗(Ce) be a group action over Ce. Then
there is a bijective correspondence between Ce ⋊ G-extension of (Ce,⊗) and
pairs (θ, γ), where θ ∈ Z1(G,U(Ce)) is a 1-cocycle with obstruction zero and
γ ∈ Lθω = {γ ∈ C
2(G, k∗)|δ(γ) = ω|Xθ}. Two pairs (θ, γ
θ), (ν, γν) define
equivalent C-extensions if and only if there is u ∈ U(Ce) and κ ∈ C
1(G, k∗),
such that θ = u · ν, and
γν(σ, τ) = γθ(σ, τ)δ(κ)(σ, τ)ω([θσ , σ], [θτ , τ ], [u, e])ω([θσ , σ], [u, e], [ντ , τ ])
for all σ, τ ∈ G.

Remark 6.9. The group Z2(G, k∗) acts on Lθω by multiplication, and this
action is free and transitive. Thus Lθω is a torsor over Z
2(G, k∗), and there
is a (non natural) bijective correspondence between Lθω and Z
2(G, k∗). Also,
note that γ, γ′ ∈ Lθω define tensor equivalent graded functors if and only if
γγ−1 ∈ Z2(G, k∗). Then set of tensor equivalence classes of graded functor
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with splitting homomorphism defined by θ ∈ Z1(G,U(Ce)) is a torsor over
H2(G, k∗).
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